This paper, instrumented with six theorems, shows that differences between firms in labor productivity, capital intensity and relative demand for skilled labor can be explained by differences in the substitution parameters between capital, skilled and unskilled labor in the presence of skill biased technical change. D
Introduction
Empirical analyses reveal tremendous heterogeneity in output, labor productivity and input mix across firms (see Abowd et al., 1999 for instance) even in narrowly defined industries (Baily et al., 1992 and Olley and Pakes, 1996) . This paper gives a theoretical explanation of the differences in labor productivity, capital intensity and relative demand for skilled labor between firms. Our study builds on Klump and de La Grandville (2000) , who proved that a higher elasticity of substitution between labor and capital will result in a higher level of labor productivity in the steady-state. The magnitude of the elasticity of substitution actually determines the range of possibilities available to employers. The higher 0165-1765/$ -see front matter D 2005 Elsevier B.V. All rights reserved. doi: 10.1016/j.econlet.2005.08.025 this elasticity, the greater the possibilities offered to employers for producing a given level of output with different factor combinations. Generalizing Klump and de La Grandville's (2000) theorems to the twolevel constant elasticity of substitution (CES) function, Papageorgiou and Saam (2005) proved that at given input values, the larger the substitution parameter between skilled labor and capital or between skilled and unskilled labor, the larger labor productivity. We contribute to this literature and prove two new theorems regarding the effect of substitution parameters on the demand for skilled and unskilled labor in the presence of skill biased technical change. We prove that i) holding skilled labor and the rate of skilled labor augmenting technical change constant, the larger the substitution parameter between skilled labor and capital the larger the rate of change in the relative demand for skilled labor and ii) holding skilled labor and the rates of skilled labor augmenting and unskilled labor saving technical change constant, the larger the substitution parameter between unskilled and skilled labor the larger the decrease in the demand for unskilled labor. These two theorems contribute to the large literature on skill biased technical change using nested CES. They prove that in addition to being affected by changes in the factor augmenting parameters, the demand for skilled and unskilled labor is also sensitive to changes in the substitution parameters.
The structure of the paper is as follows. In Section 2, we first discuss two theorems of Klump and de La Grandville (2000) on the relationship between the substitution parameter between labor and capital and labor productivity and capital intensity of firms and their generalization to nested CES by Papageorgiou and Saam (2005) . Thereafter, we discuss our two theorems on the relationship between the ease to substitute between skilled and unskilled labor and capital and a firm's labor productivity and skill intensity. In Section 3 we discuss the implications of our theorems.
2. Elasticities of substitution, labor productivity, skill intensity and capital intensity de La Grandville (1989) shows an important property of the elasticity of substitution: the increase in the production due to a decrease in one factor price is an increasing function of the elasticity of substitution between the factors of production. Using a family of CES isoquants he shows that the change in the maximum production level at a given total cost if the price of one input decreases is larger the larger the elasticity of substitution between inputs. Klump and de La Grandville (2000) use this result to derive two theorems linking the elasticity of substitution between capital and labor with labor productivity and capital intensity.
Let us consider a firm, who maximizes profits and produces output, H, by combining capital and labor inputs, say K and L.
The production function of the firm takes the form of a homogenous of degree one normalized-CES production function 1 so that labor productivity reads as follows:
1 We are interested in comparing production functions which differ from one another by their substitution parameter only. Therefore we normalize the various production functions at some arbitrarily chosen baseline values of the three variables that define the elasticity of substitution: capital intensity at t = 0 is equal to k 0 ¼ K0 L0 , the marginal rate of substitution between capital and labor at t = 0 is Klump and Preissler (2000) ) and labor productivity is H 0 /L 0 . See Klump and Preissler (2000) for a presentation of the family of normalized CES production functions.
and L 0 and K 0 are the initial employment and capital stock and h 0 ¼ H 0 L 0 and H 0 is the initial output level, d is a technology parameter and r is the substitution parameter between capital and labor. Note that
1Àd independent of r. Klump and de La Grandville (2000) prove that
Br 0 for all k. From this result they derive their two theorems on the relationship between the substitution parameter and the capital intensity and labor productivity.
2 Theorem 1. If two firms are described by CES production functions differing only by their substitution parameter and share initially a common capital-labor ratio k, the same employment growth L , and investment rate s, then at any stage of its development the firm with the largest substitution parameter will have a higher level of labor productivity. (cf. Klump and de La Grandville (2000) p.285).
Theorem 2. If two firms are described by CES production functions differing only by their substitution parameter and share initially a common capital-labor ratio k, the same employment growth L , and investment rate s, and if the levels of the substitution parameter guarantee the existence of steady states, then the firm with the largest substitution parameter between capital and labor will have a higher capital intensity and higher labor productivity in the steady state. (cf. Klump and de La Grandville (2000) p. 286).
Consider now a firm that maximizes profits and produces output, H, by combining capital K with unskilled and skilled labor, say L u and L s . The production function of the firm takes the form of a homogenous of degree one normalized 3 2-level CES production function. As Krusell et al. (2000) , we assume that capital and skilled labor are complementary in production and consider the following nests:
L is the share of skilled labor in total employment and p 0 the initial share of skilled workers and k ¼ K L is the capital intensity, k and d are technology parameters and r s is the substitution parameter between capital and skilled labor, and r u is the substitution parameter 3 The normalization in the three-input case consists of a baseline for the capital intensity k 0 , the skill intensity p 0 , labor productivity h 0 and the marginal rate of substitution between skilled labor and capital (lower nest)
and the marginal rate of substitution between unskilled labor and the input mix of skilled labor and capital
2 The steady-state theorems of Klump and de La Grandville do not apply to production functions in which skilled and unskilled labor are differentiated. For the heterogeneous labor case, the positive effect of an increase in either of the two substitution parameters on the steady-state capital intensity is proved in Papageorgiou and Saam (2005) . between skilled and unskilled labor and between capital and unskilled labor. Note that capital-skill complementarity holds if r u N r s .
A generalization of Klump and de La Grandville's (2000) Theorem 1 to the two-level CES production function is given in Theorems 3 and 4. The proof of Theorem 3 follows quite easily from Klump and de La Grandville's Theorem 1, once recognized that g r s k p is identical to the h r (k) function used by Klump and de La Grandville (2000) . 4 Theorem 4 has recently been proved by Papageorgiou and Saam (2005) .
Theorem 3. If two firms are described by 2-level CES production functions á la Krusell et al. (2000) , differing only by their substitution parameter between skilled labor and capital r s , at equivalent labor force composition p and capital intensity k, any p and k, the firm with the largest substitution parameter will have the highest labor productivity.
Theorem 4. If two firms are described by 2-level CES production functions á la Krusell et al. (2000) , differing only by their substitution parameter between skilled and unskilled labor r u , at equivalent labor force composition p and capital intensity k, any p and k, the firm with the largest substitution parameter will have the highest labor productivity. (cf. Papageorgiou and Saam (2005) p.5).
To these four theorems we add two new theorems on the effect of the substitution parameters on the demand for skilled and unskilled labor in the presence of skill biased technological change.
5
Theorem 5. If two firms are described by 2-level CES production functions á la Krusell et al. (2000) , differing only by their substitution parameter between skilled and capital r s and their substitution parameter between skilled and unskilled labor r u and share initially a common skill intensity, i.e. L s /L u and a skilled labor augmenting technological change characterized by the same function m s (t) (same rate of skilled labor augmenting L s , i.e. m s V), then, the firm with the largest substitution parameter between skilled labor and capital will have a larger rate of change in the relative demand for skilled workers.
Proof. To prove Theorem 5, consider the 2-level CES production function with non-neutral, L u saving and L s augmenting technological change.
where m u V = (1 / m u )(dm u / dt) is the rate of unskilled labor saving technological change at time t and m u N 0 and m u V V 0 and m s V = (1 / m s )(dm s / dt) is the rate of skilled labor augmenting technological change at time t and m s N 0 and m s V N 0.
Deriving Eq. (4) with respect to each input factor yields the marginal productivity of L u and L s and K:
where
and w ut and w st are the wage rates of unskilled and skilled workers, respectively, and r t is the price of capital. Dividing Eq. (7) by Eq. (8), taking the logarithm form and rearranging, the demand for skilled labor reads as:
The change in the demand for skilled workers at constant input prices and capital stock reads as:
Deriving Eq. (12) with respect to r s at constant prices and stock of capital yields:
Hence, the larger the substitution parameter between skilled workers and capital, the larger the rate of increase of the demand for skilled workers associated to skilled labor augmenting technological change. 5
Theorem 6. If two firms are described by 2-level CES production functions á la Krusell et al. (2000) , differing only by their elasticity of substitution parameter between skilled labor and capital r s and their elasticity of substitution parameter between skilled and unskilled labor r u , and initially share a common skill intensity, i.e. L s /L u and an unskilled labor saving technological change characterized by the same function m u (t) (same rate of unskilled labor saving L u , i.e. m u V ) and a skilled labor augmenting technological change characterized by the same function m s (t) (same rate of skilled labor augmenting L s , i.e. m s V), then, the firm with the largest elasticity of substitution parameter between skilled and capital will have a larger rate of change in the relative demand for unskilled and skilled workers.
Moreover, the two new theorems presented in this paper offer a new explanation for differences in the patterns of skill premia observed across countries (see for instance Blau and Kahn, 1996 and Acemoglu, 2003) and in different time periods (see Autor et al., 1998 and Acemoglu, 2002) , namely cross-country differences and changes through time in the substitution parameter between skilled and unskilled labor. 
